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1. Introduction
The first finite axiomatization of the purely equivalential fragment of intuitionistic propositional logic is due to Tax
[29]. The calculus of Tax (IPC↔) can be based on the axiom schemata αα, (αβ) (βα), (αβγγ) ((αγ) (βγ)), (αβ) (αγγ)
(αγγ) (αβ) and the two rules of inference 〈{αβ,α} ,β〉 (the modus ponens or detachment rule) and 〈α,αββ〉 (the Tax rule)
[32] . The variety of equivalential algebras E forms an algebraic semantics for IPC↔. Since IPC↔ is strongly algebraizable in
the sense of Blok and Pigozzi [3, p. 58], [8], its investigation is amenable to the general methods and results provided by
the theory of algebraizable systems. Moreover subvarieties of E provide natural algebraic semantics for purely equivalential
fragments of various intermediate logics.
By an equivalential algebra we mean a groupoid A = (A,↔) that is a subreduct of a Brouwerian semilattice (or,
equivalently, a Heyting algebra) with the operation ↔ given by x ↔ y = (x → y) ∧ (y → x). This notion was introduced
by Kabziński and Wroński in [20] as an algebraic counterpart of the equivalential fragment of intuitionistic propositional
logic. The class E of all equivalential algebras is equationally definable by the following identities: xxy = y, xyzz = xz (yz),
xy (xzz) (xzz) = xy. (We adopt the convention of associating to the left and ignoring the symbol of equivalence operation.)
Supplementing the axioms of equivalential algebras by the identity xyy = x (or by the associativity law) we obtain E2, the
smallest non-trivial subvariety of E , which coincides with the class of Boolean groups and gives algebraic semantics for
purely equivalential fragment of classical logic.
In this paper we show how to construct effectively the free finitely generated algebras in E . Since the classes of
propositions in IPC↔ (with finite number of propositional variables) under the natural equivalence relation form a free
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finitely generated algebra in E , a description of these algebras appears to be important from the point of view of both
algebra and logic. Similar constructions are known both for intuitionistic propositional logic (free Heyting algebras, see
[30,1,14,13,5,10,2,24]) as well as for some of its fragments: implication (→) (free Hilbert, or positive implication, algebras,
see [31,4,25]); implication-conjunction (→,∧) (free Brouwerian, or implicative, semilattices, see [4,21]) and many others
[19,15]. For equivalential algebras such constructions are known only for n = 1, 2, 3 generators [20,33]. The set of non-
equivalent formulas in IPC↔ constructed from n variables is finite, which follows from the well-known theorem of Diego
[11]. Thus all free finitely generated algebras in E are finite, and the same is true for free finitely generatedHilbert algebras or
Brouwerian semilattices. However, neither the variety E of equivalential algebras nor any of its non-trivial subvarieties are
congruence distributive, in contrast to Heyting algebras, Brouwerian semilattices or Hilbert algebras, whichmakes studying
free equivalential algebras more difficult.
In [27] we construct the finitely generated free algebras and determine the free spectra of certain subvarieties of
E , namely for varieties of linear equivalential algebras and linear equivalential algebras of finite height corresponding,
respectively, to the equivalential fragments of intermediate Gödel–Dummett logic LC and intermediate finite-valued logics
of GödelGk (k ∈ N). (Moreover, in [28]we describe all purely equivalential propositional formulas in these logics effectively.)
The construction of the free n-generated equivalential algebra F (n) presented in this paper is similar in spirit but more
complex.
We shall give a recursive construction of F (n) based on the representation theorem, which is valid for an arbitrary finite
equivalential algebra A. This theorem generalises the well-known fact that for a finite Brouwerian semilattice there is a one-
to-one correspondence between the algebra and the family of all upward closed (under inclusion) sets of itsmeet-irreducible
filters. For finite equivalential algebras only certain upwards closed sets (e-hereditary sets) in the poset of meet-irreducible
filters Fm (A) represent the elements of algebra A. To characterize them we introduce an equivalence relation ∼ on Fm (A)
assuming that ϕ ∼ ψ if and only if ϕ+ = ψ+, for ϕ,ψ ∈ Fm (A), where η+ denotes the unique cover of η ∈ Fm (A). One can
show that each equivalence class, supplemented with a unit element, is closed under the natural Boolean group operation
ϕ ·ψ := (ϕ÷ψ)′∩ϕ+. The structure F (A) := (Fm (A) ; ≤, ∼, ·), where≤ is the natural order in Fm (A) constitutes a ‘frame’,
which is a counterpart of the Kripke frame for a finite Brouwerian semilattice (or Heyting algebra).
An upwards closed set Z ⊂ Fm (A) is an e-hereditary set if for each equivalence class such that all the elements larger (with
respect to the order≤) than the elements of this class are contained in Z, the intersection of Z (supplemented by the unit)with
this class is either amaximal subgroup of this class (also supplemented by the unit) or is equal to this class. (In particular, this
condition is always fulfilled if the class is a singleton.) One can prove that there is a one-to-one correspondence between the
elements of A and the class of e-hereditary sets in F (A). Moreover, the equivalence operation in A can easily be recovered
from this representation. Namely, the family of e-hereditary sets is endowed with the natural equivalence operation of the
dual pseudo-difference (i.e. for e-hereditary sets S and T we define S ↔ T as the largest upwards closed set C fulfilling
C ∩ S = C ∩ T).
Thus to construct the free equivalential algebra F (n)with the free generators {x1, . . . , xn} it suffices to describe its frame
F (n) := (Fm (F (n)) ; ≤, ∼, ·), and then to find all e-hereditary sets inF (n). In the recursive construction ofF (n), the number
of levels in the poset (Fm (F (n)) ; ≤) corresponds to the number of free generators of the algebra. The members of the k-th
level (k = 1, . . . , n) are preciselyµ ∈ Fm (F (n)) such that k is the maximal cardinality of a chain in Fm (F (n))with the least
element µ. Each µ ∈ Fm (F (n)) is encoded (labelled) by the set of indices of free generators of F (n) belonging to µ.
Consequently, two steps are involved in the construction of F (n):
1. The frame. The frame is the poset endowed with the equivalence relation and the partial Boolean operation. The poset is
divided into n layers Ekn (k = 1, . . . , n) whose elements are labelled by proper subsets of the set {1, . . . , n}. If two elements
of the poset are comparable, then the larger lies in an upper layer. The inductive construction of the frame, see also Figs. 1,
3 and 4, is based on the following rules:
(a) Each layer is divided into equivalence classes and elements in each class are labelled by all proper subsets of a subset K
of {1, . . . , n}. Thus each class supplemented by the unit element is endowedwith the natural Boolean group operation
inherited from the labelling (the complement of the symmetric difference with respect to K, where K is the unit of
the group).
(b) The top layer E1n consists of only one equivalence class labelled by all proper subsets of {1, . . . , n} and hence it has
2n − 1 elements.
(c) Let k = 2, . . . , n−1. Assume that we have already defined k−1 layers of the poset (⋃k−1i=1 Ein,≤)with the equivalence
classes distinguished and endowed with Boolean group operations. We consider all subsets S of the set
⋃k−1
i=1 Ein such
that:
i. S is an upwards closed set (i.e. an order filter);
ii. the intersection of S with each equivalence class (supplemented by the unit) is a Boolean subgroup of this class
(also supplemented by the unit);
iii. S intersects non-empty the lowest layer Ek−1n defined so far;
iv. the labellings of all elements of S intersect non-empty.
(d) To each such set S we associate exactly one class in the layer Ekn labelled by all proper subsets of the intersection of
the labellings of all elements of S. The elements of this class are smaller than all elements of the set S.
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2. The family of e-hereditary sets. Having the frame defined we describe the free n-generated equivalential algebra as the
collection of all e-hereditary sets endowed with the operation of the dual pseudo-difference, see also Fig. 2. The sets Gk
(k = 1, . . . , n) consisting of all elements having k in their labelling are free generators of the free algebra.
We shall prove that the above scheme indeed gives us the n-generated free equivalential algebra. This is the main result
of the present paper, illustrated by several examples and figures in the last section.
We shall also consider the varieties Ehk (k ∈ N), which can be axiomatized by supplementing the identities of E
with the axioms Pk (x1, . . . , xk) = 1, where the sequence of Pierce’s inductive terms (Pm)m∈N is defined by : P1 (x1) = x1 ,
P2 (x1, x2) = x2x1x1x2, Pm+1 (x1, . . . , xm+1) = P2 (Pm (x1, . . . , xm) , xm+1) (m ∈ N). The variety Ehk+1 (k ∈ N) corresponds to the
equivalential fragments of intermediate logicsBdk (denoted also by LPk, see [16]),whereBd1 is axiomatizedby bd1 = x1∨¬x1,
and Bdk+1 by bdk+1 = (xk+1 ∨ (xk+1 −→ bdk)). Equivalently, one can define Bdk as the superintuitionistic logic determined
by the class of all Kripke frames of depth at most k, see [6]. The construction of the n-generated free equivalential algebra
described above applies also to the varieties Ehk (k ∈ N), but the number of layers is limited to min (n, k− 1).
We provide preliminary information on equivalential algebras in Section 2. The representation theorem for finite
equivalential algebras is presented in Section 3. Moreover, in this section we show how to represent all filters of a finite
algebra as certain sets of its completelymeet-irreducible filters. In Section 4we define the height of an equivalential algebra.
We prove in Section 5 that the height of the n-generated free algebra from E equals n. This allows us to divide naturally its
frame into n layers.We describe the formation of these layers inductively, which combinedwith the representation theorem
completes the construction. To illustrate this technique, we analyse in details the cases of k = 2 and n = 2, 3 in Section 6.
Moreover, we observe that the free 4-generated algebra in Eh3 has exactly 1152 921 505 144 438 784 elements.
2. Preliminaries
For the basic facts of equivalential algebras we refer the reader to [20,26,18,27]. However, to make this paper self-
contained we provide in this section all the necessary information. It is easy to show that the term 1 := xx is the constant
unit term in E . By a filter of Awe mean a non-empty subset F of A such that for all a, b ∈ A:
(i) if a ∈ F, then abb ∈ F and
(ii) if a ∈ F and ab ∈ F, then b ∈ F.
Observe that, if F is a filter, then F is a subuniverse of A. The filters give us an algebraic analog of sets of formulas closed
under the Tax rule and the detachment rule.
The maps Φ (A) 3 F → ≡F := {(a, b) ∈ A× A : ab ∈ F} ∈ Con (A) and Con (A) 3 α → 1/α ∈ Φ (A) establish an
isomorphism betweenΦ (A), the lattice of all filters of A, and the lattice Con (A) of all congruences of A. Hence equivalential
algebras are 1-regular. Moreover, equivalential algebras are congruence orderable, that is,
[a) = [b) implies a = b for all a, b ∈ A,
where [c) is the principal filter generated by c ∈ A, i.e. the smallest filter containing c. Hence E is a Fregean variety, i.e. it is
1-regular and congruence orderable, see [18,8,12]. Clearly, this property is inherited by all its subvarieties. The natural order
≤E in A is defined by
a ≤E b if and only if b ∈ [a), where a, b ∈ A.
Many natural examples of Fregean varieties come from the algebraization of fragments of intuitionistic or intermediate
logics. Moreover, it was shown in [18] that every congruence permutable Fregean variety consists of algebras that are
expansions of equivalential algebras.
Since E is a Fregean variety, the subdirectly irreducible algebras in E can be characterized as thosewhich have the largest
non-unit element, traditionally denoted by ∗ [18,9]. The monolith µ ∈ Con (A) of an subdirectly irreducible equivalential
algebra A has only one non-singleton congruence class, namely, 1/µ = {∗, 1}. More precisely, the following fact is well
known:
Proposition 1. Let A = (A, ·) ∈ E be subdirectly irreducible with the monolith {∗, 1}. Then
1. ∗a = a for each a ∈ A\ {∗, 1};
2. A\ {∗} is a subuniverse of A.
Let A ∈ E , ∗ /∈ A. We shall consider the equivalential algebra A⊕ := (A ∪ {∗} , ·) being an extension of A, with the
equivalence operation given by ∗x = x∗ = x for x 6= ∗, 1. Clearly, A⊕ is subdirectly irreducible and (A⊕) / {∗, 1} is isomorphic
with A.
For each completely meet-irreducible filter η ∈ Φ (A) there exists a unique element η+ ∈ Φ (A) such that η < α implies
η+ ≤ α for every α ∈ Φ (A). We have the following result:
Proposition 2. Let η ∈ Φ (A) be completely meet-irreducible. Then
1. A/η is subdirectly irreducible with the monolith η+/η = {η,η+\η} = {1/η, a/η} for any a ∈ η+\η;
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2.
(
η+/η, ·) is a two-element Boolean group;
3. Ψη : (A/η+)⊕ → A/η given by Ψη (z) = z for z /∈ {∗, 1/η+}, Ψη (1/η+) = 1/η = η, and Ψη (∗) = η+\η is an isomorphism.
Let P (T) denote all subsets of a set T. Then (P (T) , •) ∈ E2, where A • C is the complement of the symmetric difference
of A and C, i.e. A • C = (A÷ C)′ for A, C ⊂ T. For B = (B, ·) ∈ E2 we say that H ⊂ B is a hyperplane if and only if (H, ·) is a
maximal proper subalgebra of (B, ·).
3. Representation
In [26] we proved that the elements of a finite equivalential algebra A = (A, ·) can be represented as certain subsets of
the set of its irreducible elements. (We say that a ∈ A is irreducible if and only if [a) is a join-irreducible element of Φ (A).)
In [27] we discussed the dual problem: how to recover the set A from the poset (Fm (A) ,≤), where Fm (A) is the set of all
completely meet-irreducible elements in the lattice Φ (A) and the partial order is the inclusion. Let us recall this result.
Definition 3. We define an equivalence relation∼ on Fm (A) by putting
ϕ ∼ ψ if and only if ϕ+ = ψ+ for ϕ,ψ ∈ Fm(A).
Clearly, ϕ ∼ ψ if and only if {γ ∈ Fm (A) : ϕ < γ} = {γ ∈ Fm (A) : ψ < γ}. If S ⊂ η/∼ for η ∈ Fm (A), then we put
S := S ∪ {η+}. In [27, Proposition 3] we showed that each equivalence class η/∼ in Fm (A), supplemented with a unit
element η+, forms a Boolean group:
Proposition 4. Let η ∈ Fm (A) and let U = η/∼. For ϕ,ψ ∈ U define ϕ •ψ := (ϕ÷ψ)′ ∩ η+. Then (U, •) ∈ E2.
Remark 5. In [17,18] we introduced the equivalence relation in the set of all completely meet irreducible congruences of
an algebra D from a congruence modular variety, defining ϕ ∼ ψ if and only if the prime intervals I [ϕ,ϕ+] and I [ψ,ψ+]
are projective in Con (D). Actually, for the variety E both these equivalence relations coincide. Namely, for D ∈E we have
ϕ+ = ψ+ if and only if I [ϕ,ϕ+] and I [ψ,ψ+] are projective in Con (D). On the other hand, if D is a Brouwerian semilattice
(or any other algebra from a congruence distributive variety, e.g. a Heyting algebra or a Hilbert algebra), then I [ϕ,ϕ+] and
I [ψ,ψ+] are projective in Con (D) if and only if ϕ = ψ, and so the relation ∼ is trivial and all equivalence classes are
singletons.
For Z ⊂ Fm (A) ,we write
Z↑:= {ϑ ∈ Fm (A) : ϑ ≥ ϕ for some ϕ ∈ Z}
and
Z↓:= {ϑ ∈ Fm(A) : ϑ ≤ ϕ for some ϕ ∈ Z} .
Let η ∈ Fm (A) and let U = η/∼ . We put U+ := U↑\U. Then
U+ = {ϑ ∈ Fm (A) : ϑ ≥ η+} = {ϑ ∈ Fm (A) : ϑ > η}
= {ϑ ∈ Fm(A) : ϑ > ϕ for all ϕ ∈ U} .
Definition 6. Let Z ⊂ Fm (A). We say that Z is e-hereditary, if:
(I) Z = Z↑;
(II) for all U ∈ Fm (A) /∼ , if U+ ⊂ Z, then Z ∩ U = U or Z ∩ U is a hyperplane in (U, •).
We denote the set of all e-hereditary subsets of Fm (A) byH (A).
Remark 7. Observe that if U ∈ Fm (A) /∼ , Z ∈ H (A), and U+ * Z, then Z ∩ U = ∅. Converse implication is true, if |U| > 1,
and moreover, if U is a singleton, then condition (II) is always fulfilled.
It is well known that the poset Up (Fm (A)) := {S ⊂ Fm (A) : S = S ↑} has the natural structure of a Heyting algebra. In
this Heyting algebra we define the equivalence operation putting S ↔ T := ((S÷ T) ↓)′ for S, T ∈ Up (Fm (A)). Equivalently,
we can define S ↔ T as the largest C ∈ Up (Fm (A)) fulfilling C ∩ S = C ∩ T. We show thatH (A) constitutes the equivalential
subalgebra of (Up (Fm (A)) ,↔) isomorphic to A.
Theorem 8 (Representation for Algebra). Let A = (A, ·) ∈ E be finite. Then the map
M : A 3 a → M (a) = {ϕ ∈ Fm (A) : a ∈ ϕ} ∈ H (A)
establishes the isomorphism between the algebras A and (H (A) ,↔), where Z1 ↔ Z2 := ((Z1 ÷ Z2)↓)′ for Z1, Z2 ∈ H (A).
Proof. It follows from [27, Theorem 5] that M : A → H (A) is a bijection, so it suffices to show that M preserves the
equivalence operation. Let a, b ∈ A. To prove M (ab) = M (a) ↔ M (b), it is enough to show that M (ab) is the largest
C ∈ Up (Fm (A)) such that C ∩ M (a) = C ∩ M (b). Clearly, M (ab) ∩ M (a) = M (ab) ∩ M (b). Let C ∈ Up (Fm (A)) fulfill
C ∩ M (a) = C ∩ M (b). Assume that there exists a µ ∈ C \M (ab). The principal filters in A/µ generated by a/µ and b/µ are
not equal, since otherwise wewould get from congruence orderability ab ∈ µ, which is impossible. Henceµ∨ [a) 6= µ∨ [b).
Without loss of generality we can assume that µ ∨ [a)  µ ∨ [b). Then there exists a ν ∈ Fm (A) such that µ ∨ [b) ≤ ν and
a /∈ ν. Thus ν ∈ C ∩M (b) and ν /∈ M (a), a contradiction. 
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It follows from the above theorem that each element of a finite equivalential algebra A, and so each principal filter in A,
can be represented as a certain set from Up (Fm (A)). Moreover, non-principal filters can also be characterized in this way.
Notation 9. S (A) := {S ∈ Up (Fm (A)) : S ∩ U is a subuniverse of (U, •) for every U ∈ Fm (A) /∼}. Clearly,H (A) ⊂ S (A). Note
that if U is a singleton, then S ∩ U must be a subuniverse of (U, •), as either S ∩ U = U or S ∩ U = ∅ for S ⊂ Fm (A).
Theorem 10 (Representation for Filters). Let A ∈ E be finite. Then the maps
M : Φ (A) 3 ϕ→ M (ϕ) := {µ ∈ Fm (A) : ϕ ≤ µ} ∈ S (A)
and
S (A) 3 S →∧ S ∈ Φ (A)
establish a one-to-one correspondence between Φ (A) and S (A).
Proof. From the definition of the Boolean group operation in (U, •), for U ∈ Fm (A) /∼, it follows that M is well defined.
The injectivity of M can be deduced from the equality ϕ = ∧M (ϕ), valid for every ϕ ∈ Φ (A). To complete the proof it is
enough to show that S = M (∧ S) for S ∈ S (A). Clearly, S ⊂ M (∧ S). To obtain a contradiction, suppose that S  M (∧ S).
Then there is a µ ∈ Fm (A) such that∧ S ≤ µ and µ /∈ S. Put U := µ/∼. Then S ∩ U is a proper subalgebra of (U, •), which is
a Boolean group by Proposition 4. Hence, there exists an H ⊂ U such that H is a hyperplane in (U, •), S ∩ U ⊂ H and µ /∈ H.
From U\H ⊂ S′ and S = S ↑we get S ⊂ ((U\H) ↓)′. Now, we need the following lemma:
Lemma 11. Let U ∈ Fm (A) /∼ and let H be a hyperplane in (U, •). Then ((U\H) ↓)′ ∈ H (A).
Proof of Lemma 11. Set Z := ((U\H) ↓)′. Clearly, Z = Z ↑. Thus to prove that Z is e-hereditary, it suffices to show that
Z ∩ V = V or Z ∩ V is a hyperplane in (V, •) for any V ∈ Fm (A) /∼ such that V+ ⊂ Z. We can assume that V 6= U, as Z∩U = H.
Then V ⊂ Z, since otherwise there would exist γ ∈ V , ϕ ∈ U\H such that γ < ϕ, and so ϕ ∈ V+ ⊂ Z, a contradiction. Hence,
Z ∩ V = V , which completes the proof.
From Lemma 11 and from Theorem 8 we deduce that there exists an a ∈ A such that M (a) = ((U\H) ↓)′. From S ⊂ M (a)
we obtain a ∈ ∧M (a) ≤ ∧ S ≤ µ. In consequence, µ ∈ M (a) ∩ U = H, which is a contradiction. 
Remark 12. One can prove that the e-hereditary sets that appear in Lemma 11 correspond exactly to irreducible elements
of A.
4. Height of equivalential algebra
Definition 13. Let A ∈ E . We define the height of non-trivial A, denoted by h (A), as the maximum of the lengths of chains
from Fm (A), if such amaximum exists, and otherwisewe set h (A) = ∞. We put h (A) = 0 for trivialA. The rank of ϕ ∈ Φ (A)
is defined by rank (ϕ) := h (A/ϕ). Hence rank (ϕ) is the length of the longest chain in M (ϕ) = {µ ∈ Fm (A) : ϕ ≤ µ}.
The definition of height is in the spirit of the definition of the Krull dimension in ring theory. However, in the definition
of the Krull dimension one considers the maximum of the lengths of chains of meet-prime elements (prime ideals) from
the congruence lattice. Clearly, each meet-prime element is meet-irreducible, but not conversely. Both notions coincide for
distributive lattices. A version of Krull’s dimension theory for arbitrary distributive lattices was presented in [7], see also
[22,23].
Theorem 14. Let A ∈ E , n ∈ N. The following conditions are equivalent:
i. h (A) ≤ n;
ii. A ∈ Ehn+1.
Proof. To prove that conditions (i) and (ii) are equivalent we need the following lemma:
Lemma 15. Let µ, γ ∈ Fm (A), µ < γ. Then for every a ∈ γ+\γ there exists a b ∈ µ+\µ such that P2 (a, b) = baab = b.
Proof of Lemma 15. Clearly, a ∈ γ+\γ implies a /∈ µ+, and so a/µ /∈ µ+/µ. Take c ∈ µ+\µ. Then c/µ ∈ µ+/µ and, by
Proposition 2.1, µ+/µ = {1/µ, c/µ} is a monolith of A/µ. Thus, from Proposition 1.1, we get c/µ · a/µ = a/µ, and so
caa ∈ µ. Hence b = caac /∈ µ, b ∈ µ+, and P2 (a, b) = baab = b, as desired.
(ii)⇒ (i). Suppose, contrary to our claim, that h (A) > n. Then there exist µ1, . . . ,µn+1 ∈ Fm (A) such that µn+1 < µn <
· · · < µ1. Applying Lemma 15 and the identities Pm+1 (x1, . . . , xm+1) = P2 (Pm (x1, . . . , xm) , xm+1) (m ∈ N) we can construct
inductively a sequence a1, . . . , an+1 ∈ Awith the property ai ∈ µ+i \µi (i = 1, . . . , n+1) and an+1 = Pn+1 (a1, . . . , an+1). Thus
A 2 Pn+1 = 1, and so A /∈ Ehn+1, a contradiction.
(i)⇒ (ii). On the contrary, suppose that pn+1 := Pn+1 (a1, . . . , an+1) 6= 1 for some a1, . . . , an+1 ∈ A. Let µn+1 be a maximal
element in {ϕ ∈ Φ (A) : pn+1 /∈ ϕ}. Then µn+1 ∈ Fm (A) and pn+1 ∈ µ+n+1\µn+1. Put pn := Pn (a1, . . . , an). Then pn /∈ µ+n+1,
since otherwise from the equality pn+1pnpn = 1 and from the fact that (µ+n+1/µn+1, ·) is a two-element Boolean group
(see Proposition 2.2) we would deduce that pn+1/µn+1 = (pn+1/µn+1) (pn/µn+1) (pn/µn+1) = 1/µn+1, which would be
a contradiction. Let now µn be a maximal element in
{
ϕ ∈ Φ (A) : µ+n+1 ≤ ϕ, pn /∈ ϕ
}
. Clearly, µn+1 < µn ∈ Fm (A) and
pn ∈ µ+n \µn. Continuing this way, we construct a sequence µ1, . . . ,µn+1 ∈ Fm (A) such that pi := Pi (a1, . . . , ai) ∈ µ+i \µi
(i = 1, . . . , n+ 1) and µn+1 < µn < · · · < µ1, which gives a contradiction. 
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Proposition 16. Let ϕ ∈ Φ (A) be such that rank (ϕ) = n. Thenmax {rank (γ) : γ ∈ M (ϕ)} = n. Moreover, if µ ∈ Fm (A), then
rank (µ) = n if and only if rank (µ+) = n− 1.
Proof. Let ϕ ∈ Φ (A). For γ ∈ M (ϕ) the rank of µ is the length of the longest chain in M (γ) ⊂ M (ϕ). Hence rank (γ) ≤ n.
On the other hand, there is an n-element chain in M (ϕ). Let γ be the smallest element in this chain. Then M (γ) = n,
as desired. If µ ∈ Fm (A), then µ+ ≤ γ for each γ ∈ M (µ) \ {µ}, and so M (µ+) = M (µ) \ {µ}. In consequence,
rank (µ) = rank (µ+)+ 1. 
Note that A ∈ Ehn implies A⊕ ∈ Ehn+1, or otherwise, h (A⊕) = h (A)+ 1.
5. Free equivalential algebras
Let n ∈ N and let Fk (n) (k ∈ N) and F (n) denote the n-generated free algebra over, respectively, Ehk and E , and fk (n) and
f (n) their cardinalities. All these numbers are finite, because the variety E is locally finite, and so finite is the number f (n) of
non-equivalent formulas in IPC↔ constructed from n variables, which follows from the well-known theorem of Diego [11].
We put mk (n) and m (n) for the number of meet-irreducible elements in, respectively, Φ (Fk (n)) and Φ (F (n)). From the
congruence modularity of the equivalential algebras it follows that these numbers are equal to the numbers of irreducible
elements of the n-generated free algebras. It is clear that mk (1) = 1 and fk (1) = 2 for k ≥ 2. Obviously, for k = 1, Eh1 is a
trivial variety, and so we have m1 (n) = 0 and f1 (n) = 1 for n ∈ N. If k = 2, then Eh2 is the variety of Boolean groups. Hence
m2 (n) = 2n − 1 and f2 (n) = 2n for n ∈ N. Actually, only three initial numbers of the free spectrum of E are known. Clearly,
f (1) = 2 (m (1) = 1), and it is easy to show that f (2) = 9 (m (2) = 5) [20]. The result f (3) = 4415 434 (m (3) = 37) is
due to Wroński [33]. In fact, the construction of the n-generated free algebras in Ehk (k ∈ N) and E has been known only for
these particular cases.
The description of F (3) presented in [33] was given in terms of the representation proposed in [26] with the use of
irreducible elements of the algebra. However, it is not clear how one can generalize this construction to n > 3. Note that
the filters generated by irreducible elements of a finite equivalential algebra coincide with the join-irreducible elements
of its congruence lattice. Our approach in the present paper is based on the meet-irreducible representation introduced in
Section 3, and so it is, in a sense, dual to the former, but different, since the posets of join- and meet-irreducible elements
of the lattice Φ (F (n)) (n ≥ 2) are not isomorphic.
We now showhow to construct the n-generated free algebra over E , which is the Lindenbaumalgebra of the equivalential
fragment of intuitionistic logic with n propositional variables for an arbitrary n ∈ N. Here and subsequently, {x1, . . . , xn}
denotes a set of free generators of F (n).
5.1. Layers
We start with the observation that the height of the free algebra equals the number of its free generators.
Theorem 17 (Height). h (F (n)) = n .
Proof. The proof is by induction on n. For n = 1 the assertion is obvious, since F (1) is the two-element Boolean group.
Assume that h (F (n− 1)) = n − 1 for some n ≥ 2. Take µ ∈ Fm (F (n)). Then F (n) /µ is a subdirectly irreducible algebra
generated by the set {x1/µ, . . . , xn/µ} with the monolith µ+/µ = {1/µ, ∗µ}, where ∗µ is the largest non-unit element
in F (n) /µ. From Proposition 1.2 we deduce that (F (n) /µ) \ {∗µ} is a subalgebra of F (n) /µ. Consequently, there is an
i = 1, . . . , n such that xi/µ = ∗µ, which yields µ+/µ = {1/µ, xi/µ}. Hence xi ∈ µ+, and so {xj/µ+ : j = 1, . . . , n, j 6= i}
is the set of generators of F (n) /µ+. In consequence, F (n) /µ+ is a homomorphic image of F (n− 1), and so rank (µ+) =
h
(
F (n) /µ+
) ≤ h (F (n− 1)) = n − 1, which implies h (F (n) /µ) = rank (µ) ≤ n. From Theorem 14 we deduce that
F (n) /µ ∈ Ehn+1 for every µ ∈ Fm (F (n)). Thus F (n) ∈ Ehn+1 and, therefore, h (F (n)) ≤ n. Consider now the equivalential
algebra n+ 1 := ({1, . . . , n+ 1} , ·), where i · j := max (i, j) for i 6= j, and i · j := 1 for i = j, i, j = 1, . . . , n. It is easy
to show that h (n+ 1) = n. Moreover, n+ 1 has n generators, and so it is a homomorphic image of F (n). Hence we get
h (F (n)) ≥ h (n+ 1) = n, which completes the proof. 
According to Theorem 8 to construct the n-generated free algebra F (n), it suffices to describe its frame F (n) :=
(Fm (F (n)) ; ≤, ∼, ·), i.e. the poset of meet-irreducible filters with the equivalence classes distinguished and endowedwith
Boolean group operations. This poset can be naturally divided into n layers:
Ekn :=
{
µ ∈ Fm (F (n)) : rank (µ) = k}
for k = 1, . . . , n, where each equivalence class is contained in one layer and if two elements of the poset are comparable,
then the larger lies necessarily in an upper layer. Indeed, it follows from Theorem 17 and from the definition of the relation
∼ that:
Theorem 18 (Division into Layers). 1. Fm (F (n)) = ⋃nk=1 Ekn ;
2. if µ ∈ Ekn (k = 1, . . . , n), then• µ/∼ ⊂ Ekn ;
• if ψ ∈ Ekn, then ψ ∼ µ if and only if {ν ∈ Fm (A) : ψ < ν} = {ν ∈ Fm (A) : µ < ν} ⊂
⋃k−1
j=1 Ejn .
We shall show how to construct these layers inductively.
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5.2. Labelling
The procedure of labelling the elements of the frame plays a crucial role in our construction. For ϕ ∈ Φ (F (n)), let col (ϕ)
correspond to the set of free generators of F (n) belonging to ϕ. Namely,
Φ (F (n)) 3 ϕ→ col (ϕ) := {i : xi ∈ ϕ} ⊂ {1, . . . , n}.
One may call the map col : Φ (F (n)) → P ({1, . . . , n}) a labelling or, analogously as for Heyting algebras (see [2]), a coloring.
Clearly, the map col preserves meets, and so is monotone. In consequence,
col (ψ) =⋂{col (ν) : ν ∈ M (ψ)}
for ψ ∈ Φ (F (n)). Moreover, this map preserves also partial Boolean group operation on the equivalence classes:
Proposition 19. For µ ∈ Fm (F (n)) the map
µ/∼ 3 ν→ col (ν) ∈ P (col (µ+))
is a homomorphism of Boolean groups (µ/∼, •) and (P (col (µ+)) , •).
Proof. It follows from Proposition 4 that (µ/∼, •) is a Boolean group. Let ν, γ ∈ µ/ ∼. Then col (ν) • col (γ) =
col
(
µ+
) \ (col (ν)÷ col (γ))= {i : xi ∈ µ+\ (ν÷ γ)} = col (µ+\ (ν÷ γ)) = col (ν • γ), as required. 
5.3. First layer
In the first layer E1n there is only one equivalence class since for µ ∈ E1n we have µ+ = 1Φ(F(n)) = F (n). Moreover, we can
identify its elements with all proper subsets of {1, . . . , n}:
Theorem 20 (Construction of the First Layer). The map
E1n 3 ν→ col (ν) ∈ P ({1, . . . , n})
is an isomorphism of Boolean groups (E1n, •) and (P ({1, . . . , n}) , •).
Proof. From Proposition 19we know that col is a homomorphism of Boolean groups. Letµ ∈ E1n . Then F (n) /µ is isomorphic
to the two-element Boolean group 2 = ({∗, 1} , ·), and so there exists a natural epimorphism fµ : F (n) → {∗, 1} such that
ker fµ = µ. Clearly, fµ is uniquely determined by its values on the generators {x1, . . . , xn}. Thus col is injective. Let now C be
a proper subset of {1, . . . , n}. Consider f : F (n) → 2 such that f (xi) = 1 if and only if i ∈ C. Put µ = ker f . Then col (µ) = C.
Hence col is surjective, which completes the proof. 
5.4. Inductive step
Let k = 2, , . . . , n. Assume that we have already defined k−1 layers of the poset (⋃k−1i=1 Ein,≤)with the equivalence classes
distinguished and endowed with Boolean group operations.
For the k-th layer we start with the description of the quotient set Ekn/∼ and then we characterize the internal structure
of equivalence classes. To describe all equivalence classes in the k-th layer we have to distinguish filters ϕ in Φ (F (n))with
the property ϕ = µ+ for some µ ∈ Ekn. We shall prove that they can be described by a simple condition col (ϕ) 6= ∅. From
Theorem 10 we know that these filters are represented by certain sets in S (F (n)). We shall characterize them as those
subsets of layers
⋃k−1
i=1 Ein which intersect non-empty the layer Ek−1n and whose labellings have at least one common element.
Moreover, the labelling establishes an isomorphism between the equivalence class in Ekn corresponding to ϕ endowed with
the natural Boolean group operation and the Boolean group (P (col (ϕ)) , •). Namely, put
Skn :=
{
S ⊂
k−1⋃
i=1
Ein : S ∈ S (F (n)) , S ∩ Ek−1n 6= ∅ and
⋂{
col (ν) : ν ∈ S} 6= ∅} .
Theorem 21 (Construction of the k-th Layer). The map skn : Ekn/∼→ Skn given by
skn (µ/∼) =
{
ϕ ∈
k−1⋃
i=1
Ein : µ < ϕ
}
= M(µ+),
for µ ∈ Ekn, is a bijection, and the map
µ/∼ 3 ν→ col (ν) ∈ P
(⋂{
col (ϕ) : µ < ϕ}) = P (col (µ+))
is an isomorphism of Boolean groups (µ/∼, •) and (P (col (µ+)) , •).
We shall start the proof of this theorem from the following lemma:
Lemma 22. Let ϕ ∈ Φ (F (n)) and T  col (ϕ). Then there is a unique µ ∈ Fm (F (n)) such that µ+ = ϕ and col (µ) = T.
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Proof of Lemma 22. 1. Existence. There exists a unique homomorphism fT,ϕ : F (n) → (F (n) /ϕ)⊕ such that fT,ϕ (xj) = xj/ϕ for
j /∈ col (ϕ), fT,ϕ (xj) = ∗ for j ∈ col (ϕ) \T, and fT,ϕ (xj) = 1/ϕ for j ∈ T. From T  col (ϕ)we deduce that fT,ϕ is an epimorphism.
Put µ := ker fT,ϕ. Then F (n) /µ ' (F (n) /ϕ)⊕, and so µ ∈ Fm (F (n)) as (F (n) /ϕ)⊕ is subdirectly irreducible. Moreover,
col (µ) = T. It remains to show that µ+ = ϕ. Consider the natural epimorphisms: pi⊕ : (F (n) /ϕ)⊕ → F (n) /ϕ given by
pi⊕ (u) = u for u /∈ {∗, 1/ϕ} and pi⊕ (u) = 1/ϕ, otherwise, and piϕ : F (n) → F (n) /ϕ given by piϕ (y) = y/ϕ for y ∈ F (n). Then(
pi⊕ ◦ fT,ϕ) (xi) = piϕ (xi) for every i = 1, . . . , n. Thus pi⊕ ◦ fT,ϕ = piϕ, and so µ = ker fT,ϕ ≤ kerpiϕ = ϕ. Furthermore, µ < ϕ,
as xj ∈ ϕ\µ for j ∈ col (ϕ) \T. Hence µ+ ≤ ϕ. To show that ϕ = µ+, take a ∈ ϕ\µ and choose an arbitrary b ∈ µ+\µ. Then(
fT,ϕ
)
(a) ,
(
fT,ϕ
)
(b) ∈ kerpi⊕\ {1/ϕ} = {∗}, and so (fT,ϕ) (ab) = 1/ϕ, which implies ab ∈ µ ≤ µ+. In consequence, a ∈ µ+. This
gives ϕ = µ+, as required.
2. Uniqueness. Let µ ∈ Fm (F (n)) be such that µ+ = ϕ and col (µ) = T. Then F (n) /µ is subdirectly irreducible algebra
with the monolith µ+/µ = {xj/µ, 1/µ} for any j ∈ col (ϕ) \T. Consider the natural epimorphism piµ : F (n) → F (n) /µ
given by piµ (y) = y/µ for y ∈ F (n) and the isomorphism (see Proposition 2.3) Ψµ : (F (n) /ϕ)⊕ → F (n) /µ given by
Ψµ (z) = z for z /∈ {∗, 1/ϕ}, Ψµ (1/ϕ) = 1/µ, and Ψµ (∗) = ϕ\µ. Note that Ψµ (∗) = xj/µ for every j ∈ col (ϕ) \T. Thus(
Ψµ ◦ fT,ϕ) |{x1,...,xn} = piµ|{x1,...,xn}, and, in consequence, Ψµ ◦ fT,ϕ = piµ. Hence µ = kerpiµ = ker (Ψµ ◦ fT,ϕ) = ker fT,ϕ, as
desired. 
Proof of Theorem 21. We show that skn is well-defined. Let µ ∈ Ekn. Then rank
(
µ+
) = rank (µ) − 1 = k − 1, and
so M
(
µ+
) ⊂ ⋃k−1i=1 Ein. From Theorem 10 we get M (µ+) ∈ S (F (n)). Moreover, we deduce from Proposition 16 that
M
(
µ+
) ∩ Ek−1n 6= ∅. To show that⋂{col (ν) : ν ∈ M (µ+)} = col (µ+) 6= ∅ consider subdirectly irreducible algebra F (n) /µ.
From the characterization of subdirectly irreducible equivalential algebras and from Proposition 1.2 we deduce that there
is an i = 1, . . . , n such that xi/µ is the largest non-unit element in F (n) /µ, and so µ+/µ = {1/µ, xi/µ}. Consequently,
xi ∈ µ+\µ, and so i ∈ col (µ+).
2. Let µ, ν ∈ Ekn. To prove that skn is injective note that M
(
µ+
) = M (ν+) implies µ+ = ∧M (µ+) = ∧M (ν+) = ν+, and so
µ ∼ ν.
3. Let S ∈ Skn and T  
⋂{
col (ν) : ν ∈ S}. Put ϕ = ∧ S. From Theorem 10 we deduce that M (ϕ) = S. Moreover, from
Proposition 16 we get rankϕ = k − 1. Clearly, col (ϕ) = ⋂{col (ν) : ν ∈ S}. Now, from Lemma 22 we deduce that there
exists a unique µ ∈ Fm (F (n)) such that µ+ = ϕ and col (µ) = T. Then rank (µ) = rank (ϕ) + 1 = k. Hence µ ∈ Ekn. This
completes the proof of surjectivity of skn. The fact that col is an isomorphism of Boolean groups (µ/∼, •) and
(
P
(
col
(
µ+
))
, •)
also follows from Lemma 22 and from Proposition 19. 
In other words, wemay add an elementµ labelled by col (µ) to the k-th layer Ekn, if there exists a set S ⊂
⋃k−1
i=1 Ein fulfilling:
• S = S↑;
• if ν ∈ S, then ({col(ϕ) : ϕ ∈ S,ϕ ∼ ν}, •) is a Boolean subgroup of (P (⋂ {col (ψ) : ν < ψ}) , •);
• S ∩ Ek−1n 6= ∅;
• ⋂{col(ϕ) : ϕ ∈ S} 6= ∅,
and such that
• {ν ∈ ⋃k−1i=1 Ein : µ < ν} = S;
• col (µ)  ⋂{col(ϕ) : ϕ ∈ S}.
5.5. Free algebra
Applying Theorems 18, 20 and 21 we can construct all n layers Ekn (k = 1, . . . n) of Fm (F (n)) divided into equivalence
classes endowedwith Boolean groupoperations.We can also recover thewhole order structure on Fm (F (n)). This completes
the construction of the frame F (n) := (Fm (F (n)) ; ≤, ∼, ·). Now, using Theorem 8, we can build the free algebra F (n)
as the collection of all e-hereditary subsets in F (n), i.e. F (n) ' (H (F (n)) ,↔), where Z1 ↔ Z2 := ((Z1 ÷ Z2)↓)′ for
Z1, Z2 ∈ H (F (n)) ⊂ Up (Fm (F (n))).
The free generators of Fm (F (n)) can be identified as the e-hereditary sets consisting of all elements having a given
number in their labelling. Namely, we have
Proposition 23 (Generators). Put
Gj := {µ ∈ Fm (F (n)) : j ∈ col (µ)} ∈ H (F (n))
for j = 1, . . . , n. Then G1, . . . ,Gn are the free generators of (H (F (n)) ,↔).
Proof. Let j = 1, . . . , n. Clearly, Gj = {µ ∈ Fm (F (n)) : xj ∈ µ} = M (xj). 
Consider now varieties Ehk (k ∈ N). It is easy to show that h (Fk (n)) = min (n, k− 1). Hence we deduce that Fm (Fk (n))
can be identified with the poset
⋃min(n,k−1)
j=1 Ejn , defined as above. Using this fact and Theorem 8we can build the n-generated
free algebras in Ehk (k ∈ N) for arbitrary k, n ∈ N. Note that Fk (n) = F (n) for k ≥ n+ 1.
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6. Examples
6.1. Free Boolean groups (k = 2)
The construction of free Boolean groups (Eh2) iswell-known, butwe showhowone can put it into our general framework.
Wehave only one layer E1n in the frame,which constitutes one equivalence class, has 2n−1 elements, and can be identifywith
all proper subsets of {1, . . . , n}with the natural Boolean group operation (the complement of the symmetric difference). The
e-hereditary sets are: 2n−1 hyperplanes (maximal proper subalgebras) in (P ({1, . . . , n}) , •) and the wholeP ({1, . . . , n}).
Thus the family H ((P ({1, . . . , n}) , •)) endowed again with the operation of complement of the symmetric difference
constitutes the 2n-element n-generated free algebra in Eh2 with generators Gj = {A  {1, . . . , n} : j ∈ A}, j = 1, . . . , n. Note,
that in this case the groups (P ({1, . . . , n}) , •) and (H ((P ({1, . . . , n}) , •)) , •) are dual in the sense of Pontryagin.
6.2. 2-generated free equivalential algebra (n = 2)
For n = 2 (Fig. 1) the top layer E12 has 3 elements (dark dots) with two Boolean subgroups (supplemented by {1, 2}) such
that their labellings intersect non-empty (dotted circles). Hence S22 has two elements, and so in the bottom layer E22 we have
two equivalence classes, which are singletons (dark-grey dots). Thus the set Fm (F (2)) has 5 elements.
Fig. 1. E12 ∪ E22 .
It is easy to check that for n = 2 we have nine e-hereditary sets, presented in Fig. 2, and so |F (2)| = 9.
Fig. 2. e-hereditary sets for n = 2.
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6.3. 3-generated free equivalential algebra (n = 3)
For n = 3 two stages of the construction of the frame are presented in Figs. 3 and 4. Each dot denotes a labelled element
of the frame, and a solid circle or ellipse shows an equivalence class in the frame. Straight lines directed inside the diagram
represent a partial ordering in the frame. Dotted ellipses inside solid ones are used to reduce the number of lines needed.
The top layer E13 of the frame has 7 elements (dark dots) with nine Boolean subgroups (supplemented by {1, 2, 3}) with
the property that their labellings intersect non-empty: three hyperplanes (dotted ellipses) and six two-elements subgroups
having exactly one common element with E13. In consequence, S23 has nine elements, and so in the second layer E23 we have
nine equivalence classes (six singletons and three three-element classes) and 15 elements (dark-grey dots).
Fig. 3. E13 ∪ E23 .
It is slightly more difficult to build the third layer E33, since we have to identify all the elements of the set S
3
3 contained in
E13 ∪ E23. One can check that
∣∣∣S33 ∣∣∣ = 15 and, in consequence, in the bottom layer E33 we have fifteen equivalence classes, all of
them singletons, and so this layer has also 15 elements (light-grey dots). Hence the frame Fm (F (3)) has 37 elements.
Fig. 4. E13 ∪ E23 ∪ E33 .
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Now, it is not very difficult to find all e-hereditary sets in the frame and to show that the free equivalential algebra F (3)
has 4415 434 elements.
To summarize, for n = 3we have ∣∣E13∣∣ = 7, ∣∣E23∣∣ = 15, ∣∣∣E33∣∣∣ = 15, |Fm (F (3))| = m (3) = 37, and |F (3)| = f (3) = 4415 434.
Moreover, we get:m1 (3) = 0, f1 (3) = 1;m2 (3) = 7, f2 (3) = 8;m3 (3) = 22, f3 (3) = 4320, andmk (3) = m (3), fk (3) = f (3)
for k ≥ 4.
6.4. 4-generated free equivalential algebra (n = 4)
The calculations in the case n = 4 seem to bemuchmore complicated. Namely, we get ∣∣E14∣∣ = 15, ∣∣E24∣∣ = 88, ∣∣∣E34∣∣∣ = 45 126,
and, in consequence, m1 (4) = 0, m2 (4) = 15, m3 (4) = 103, and m4 (4) = 45 229. Computing the number of e-hereditary
sets in two top layersweobtain f1 (4) = 1, f2 (4) = 16, and f3 (4) = 1152 921 505 144 438 784. However, finding the numbers
f4 (4),
∣∣E44∣∣, m (4) = m5 (4), and finally f5 (4) = f (4) = |F (4)| remains an open problem.
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